A fundamental result proved by Bourgain, Fremlin and Talagrand states that the space B 1 (M ) of Baire one functions over a Polish space M is an angelic space. Stegall extended this result by showing that the class B 1 (M, E) of Baire one functions valued in a normed space E is angelic. These results motivate our study of various topological properties in the classes B α (X, G) of Baire-α functions, where α is a nonzero countable ordinal, G is a metrizable non-precompact abelian group and X is a G-Tychonoff first countable space. In particular, we show that (1) B α (X, G) is a κ-Fréchet-Urysohn space and hence it is an Ascoli space, and (2) B α (X, G) is a k-space iff X is countable.
Introduction
For Tychonoff (=completely refular and Hausdorff) spaces X and Y , we denote by C(X, Y ) the family of all continuous functions from X to Y . We say that X is Y -Tychonoff if for every closed subset A of X, a point x ∈ X \ A, and two distinct points y, z ∈ Y there exists f ∈ C(X, Y ) such that f (x) = y and f (A) = {z}, i.e., x and A are completely separated by a continuous function from X to Y . In what follows we consider only Y -Tychonoff spaces to have the space C(X, Y ) sufficiently rich in the sense of the definition of Y -Tychonoff spaces. If Y is an absolutely convex subset of a locally convex space, then every Tychonoff space X is Y -Tychonoff (see Lemma 3.3 below).
The spaces of Baire class α functions were defined and studied by René Baire in his PhD thesis [1] . Let Y be a Tychonoff space and let X be a Y -Tychonoff space. The Baire class zero B 0 (X, Y ) is the class C(X, Y ), and the Baire class one B 1 (X, Y ) is the family of all functions from X to Y which are pointwise limits of sequences of continuous functions. If α > 1 is a countable ordinal, the class B α (X, Y ) of Baire-α functions is the family of all functions f : X → Y such that there exists a sequence {f n } n∈N ⊆ i<α B i (X, Y ) which pointwise converges to f . The spaces B α (X, Y ) are endowed with the pointwise topology induced from the direct product Y X . If Y = R, set B α (X) := B α (X, R).
The most important case is the case when X = M is a Polish space. The compact subsets of B 1 (M ) (called Rosenthal compact) have been studied intensively by Rosenthal [27] , Bourgain, Fremlin and Talagrand [6] , Godefroy [14] , Todorčević [30] and others. The following fundamental result is proved in [6] .
Recall that a Hausdorff topological space X is called an angelic space if (1) every relatively countably compact subset of X is relatively compact, and (2) any compact subspace of X is Fréchet-Urysohn. In [29, Corollary 7] , Stegall generalized Theorem 1.1 as follows: Theorem 1.2 ([29] ). If X is a Polish space and G is a metric space, then B 1 (M, G) is angelic.
In particular, if G is a Banach space, then B 1 (M, G) is angelic. This last result was generalized by Mercourakis and Stamati in [22, Theorem 1.8] .
For the general case when X is a Tychonoff space, it is known that the tightness of B 1 (X) is equal to sup n∈N l X n ℵ 0
, where l(Y ) is the Lindelöf number of a space Y and X ℵ 0 is the ℵ 0 -modification of X, see [25] . Lorch noted in [20] that X ℵ 0 coincides with the minimal topology on X generated by all functions of the first Baire class, which shows that usually the space X ℵ 0 is sufficiently complicated. In [26] , Pytkeev showed that if X is aČech-complete Lindelöf space, then B 1 (X) is a q-space if and only if X is perfectly normal.
The aforementioned results motivate a more detailed study of topological properties of the spaces B α (X, Y ). In this paper we concentrate mostly on the case when Y = G is an abelian non-precompact metrizable group and X is a G-Tychonoff first countable space. We examine the spaces B α (X, G) in that case and having one of the topological properties described in the diagram below (which also shows relationships between the considered properties):
Note that the implication "κ-Fréchet-Urysohn⇒Ascoli" is proved in Theorem 2.5 below, other implications in the diagram are well known (all relevant definitions are given below in Sections 2 and 3). Our main result is the following theorem. Theorem 1. 3 . Let G be a non-precompact abelian metrizable group, X a G-Tychonoff first countable space and let H be a subgroup of G X containing B 1 (X, G). Then:
(A) H is a κ-Fréchet-Urysohn space and hence is an Ascoli space.
(B) The following assertions are equivalent: (i) X is countable; (ii) H is a metrizable space and H = G X ; (iii) H has countable tightness; (iv) H has countable cs * -character; In Theorem 1.3 , the assumption on G of being non-precompact is essential for items (vi), (vii) and (C)-(D) (if X is any discrete space and G is compact, then C(X, G) = G X is a compact group). In Corollary 3.13 we consider the properties of being a locally compact, cosmic, analytic, or K-analytic space.
The paper is organized as follows. In Section 2 we give a new characterization of κ-Fréchet-Urysohn spaces (Theorem 2.1) which implies (A) of Theorem 1. 3 . In Theorem 2.5, we prove that every κ-Fréchet-Urysohn space X is Ascoli. Applying Theorem 2.5 and some of the main results from [2, 8, 9, 10, 13] we characterize the κ-Fréchet-Urysohness in various important classes of locally convex spaces including strict (LF )-spaces and free locally convex spaces. In Section 3 we prove Theorem 1.3 using several more general results. From that results it follows that (B)-(D) hold also for subspaces H of G X containing B 1 (X, S) or B 2 (X, S), where S is the closed unit ball of an infinite-dimensional normed space.
The κ-Fréchet-Urysohn property for locally convex spaces
Following Arhangel'skii, a topological space X is said to be κ-Fréchet-Urysohn if for every open subset U of X and every x ∈ U , there exists a sequence {x n } n∈N ⊆ U converging to x. Clearly, every Fréchet-Urysohn space is κ-Fréchet-Urysohn. In [19, Theorem 3.3 ], Liu and Ludwig showed that a topological space X is κ-Fréchet-Urysohn if and only if X is a κ-pseudo open image of a metric space. It is known that there are κ-Fréchet-Urysohn spaces which are not k-spaces, and there are sequential spaces which are not κ-Fréchet-Urysohn, see [19] or Proposition 2.9 below. In the next theorem we give a new characterization of κ-Fréchet-Urysohn spaces. The closure of a subset A of a topological space X is denoted by A or cl X (A). 
Corollary 2.2. Let Y be a dense subset of a homogeneous space (in particular, a topological group) X. If Y is κ-Fréchet-Urysohn, then X is also a κ-Fréchet-Urysohn space.
Proof. Fix an arbitrary y 0 ∈ Y . Let x ∈ X. Take a homeomorphism h of X such that h(y 0 ) = x. Then x ∈ h(Y ) and h(Y ) is a κ-Fréchet-Urysohn space. Therefore, each element of X is contained in a dense κ-Fréchet-Urysohn subspace of X and Theorem 2.1 applies.
In [19, 3 . Let {X i : i ∈ I} be a family of topological spaces such that i∈I ′ X i is Fréchet-Urysohn for any countable subset I ′ of I. Then the space X = i∈I X i is κ-Fréchet-Urysohn.
Proof. For every
Clearly, σ(z) is a dense subspace of X. Proposition 2.6 of [11] states that σ(z) is Fréchet-Urysohn. Thus, by Theorem 2.1, X is κ-Fréchet-Urysohn.
Corollary 2. 4 . Let G be a nontrivial metrizable group with the identity e, κ be a cardinal and let H be a subgroup of the product G κ containing
Then H is a κ-Fréchet-Urysohn space.
Proof. Proposition 2.6 of [11] implies that κ G is Fréchet-Urysohn. Clearly, κ G is dense in G κ and hence in H. Thus, by Corollary 2.2, H is κ-Fréchet-Urysohn.
Let X be a Tychonoff space. Denote by C k (X) and C p (X) the space C(X) of all real-valued continuous functions on X endowed with the compact-open topology and the pointwise topology, respectively. Following
is continuous as a map from K × X to R). In [8] we noticed that X is Ascoli if and only if every compact subset of C k (X) is equicontinuous. The classical Ascoli theorem [7, Theorem 3.4.20] states that every k-space is Ascoli. Now we prove the following somewhat unexpected result.
Proof. Suppose for a contradiction that X is not an Ascoli space. Then there exists a compact set K in C k (X) which is not equicontinuous at some point z ∈ X. Therefore there is ε 0 > 0 such that for every open neighborhood U of z there exists a function f U ∈ K for which the open set
Then W is an open subset of X such that z ∈ W \ W . As X is κ-Fréchet-Urysohn, there is a sequence {x n : n ∈ N} ⊆ W converging to z. For every n ∈ N, choose an open neighborhood U n of z such that x n ∈ W f Un and, therefore,
Set S := {x n : n ∈ N} ∪ {z}. Then S is a compact subset of X. Denote by p the restriction map p :
is a compact subset of the Banach space C k (S). Applying the Ascoli theorem to the compact space S we obtain that the sequence {p(f Un )} n∈N ⊆ p(K) is equicontinuous at z ∈ S and, therefore, there is an N ∈ N such that
In particular, for
2 . But this contradicts (2.1). Thus X is an Ascoli space.
In the rest of this section, using Theorem 2.5 and some of the main results from [2, 8, 9, 10, 13] , we characterize the κ-Fréchet-Urysohness in various important classes of locally convex spaces.
In [28, Theorem 2.1], Sakai showed that C p (X) is κ-Fréchet-Urysohn if and only if X has the property (κ). In [11] we proved that if C p (X) is Ascoli, then it is κ-Fréchet-Urysohn. These results and Theorem 2.5 immediately imply Corollary 2. 6 . Let X be a Tychonoff space. Then C p (X) is Ascoli if and only if X has the property (κ).
The following corollary strengthens Theorem 1.3 of [11] .
Corollary 2.7. Let X be aČech-complete space. Then C p (X) is Ascoli if and only if X is scattered.
Proof. If C p (X) is Ascoli, then X is scattered by Theorem 1.3 of [11] . Conversely, if X is scattered, then, by Corollary 3.8 of [28] , X has the property (κ). Thus, by Corollary 2.6, C p (X) is Ascoli.
Let E be a locally convex space over a field F, where F = R or C, and let E ′ be the dual space of E. If E is a Banach space, denote by B the closed unit ball of E and set B w := B, σ(E, E ′ )| B , where σ(E, E ′ ) is the weak topology on E.
Corollary 2.8. (i)
If E is a Banach space, then B w is κ-Fréchet-Urysohn if and only if E does not contain an isomorphic copy of ℓ 1 .
(ii) A Fréchet space E over F is κ-Fréchet-Urysohn in the weak topology if and only if E = F N for some N ≤ ω.
(iii) If X is a µ-space and a k R -space, then C k (X) is κ-Fréchet-Urysohn in the weak topology if and only if X is discrete.
(iv) The weak * dual space of a metrizable barrelled space E is κ-Fréchet-Urysohn if and only if E is finite-dimensional.
Proof. (i) Theorem 1.9 of [13] or Theorem 6.1.1 and Corollary 1.7 of [2] state that B w is Ascoli if and only if B w is Fréchet-Urysohn if and only if E does not contain an isomorphic copy of ℓ 1 . Now Theorem 2.5 applies.
(ii) Corollary 1.7 of [8] states that E is Ascoli in the weak topology if and only if E = F N for some N ≤ ω. This result and Theorem 2.5 imply the desired.
(iii) Corollary 1.9 of [8] states that C k (X) is Ascoli in the weak topology if and only if X is discrete. Now the assertion follows from Theorem 2.5 and Corollary 2.3.
(iv) Corollary 1.14 of [8] states that the weak * dual space of E is Ascoli if and only if E is finite-dimensional, and Theorem 2.5 applies. Now we consider direct locally convex sums of locally convex spaces. The simplest infinite direct sum of lcs is the space ϕ, the direct locally convex sum n∈N E n with E n = F for all n ∈ N. It is well known that ϕ is a sequential non-Fréchet-Urysohn space, see Example 1 of [24] . Below we strengthen the negative part of this assertion.
Proposition 2.9. ϕ is a sequential non-κ-Fréchet-Urysohn space.
Proof. The space ϕ is sequential by [24, Example 1] . To show that ϕ is not κ-Fréchet-Urysohn, we consider elements of ϕ as functions from N to F with finite support. Recall that the sets of the form {f ∈ ϕ : |f (n)| < ε n for every n ∈ N},
where ε n > 0 for all n ∈ N, form a basis at 0 of ϕ (see for example [24, Example 1]). For every n, k ∈ N, set
and set U := n,k∈N U n,k . It is easy to see that all the sets U n,k are open in ϕ and 0 ∈ U n,k . Hence U is an open subset of ϕ such that 0 ∈ U . To show that ϕ is not κ-Fréchet-Urysohn, it suffices to prove that (A) 0 ∈ U , and (B) there is no sequences in U converging to 0.
(A) Let W be a basic neighborhood of zero in ϕ of the form (2.2). Choose an n ∈ N such that 1 n < ε 1 , and take k ∈ N such that 1 k < ε n . It is clear that U n,k ∩ W is not empty. Thus 0 ∈ U . (B) Suppose for a contradiction that there is a sequence S = {f j } j∈N in U converging to 0. For every j ∈ N, take n j , k j ∈ N such that f j ∈ U n j ,k j . Since f j → 0, the definition of U n,k implies that 1 2n j < |f j (1)| → 0, and hence n j → ∞. Without loss of generality we can assume that 1 < n 1 < n 2 < · · · . For every n ∈ N, define ε n = 1 4k j if n = n j for some j ∈ N, and ε n = 1 otherwise. Set V := {f ∈ ϕ : |f (n)| < ε n for every n ∈ N}.
Then, V is a neighborhood of 0, and the construction of U n,k implies that V ∩ U n j ,k j = ∅ for every j ∈ N. Thus S ∩ V = ∅ and hence f j → 0, a contradiction.
Corollary 2. 10 . An infinite direct sum of (non-trivial) locally convex spaces is not κ-Fréchet-Urysohn.
Proof. Let L = i∈I E i be the direct locally convex sum of an infinite family {E i } i∈I of locally convex spaces. It is well known that every E i can be represented as a direct sum F ⊕ E ′ i . Therefore Recall that a strict (LF )-space E is the direct limit E = s-ind − −− → n E n of an increasing sequence Proof. Theorem 1.2 of [9] states that E is an Ascoli space if and only if E is a Fréchet space or E = ϕ. Now the assertion follows from Theorem 2.5 and Proposition 2.9.
Consequently, D(Ω) is not a κ-Fréchet-Urysohn space.
One of the most important classes of locally convex spaces is the class of free locally convex spaces. Following [21] , the free locally convex space L(X) on a Tychonoff space X is a pair consisting of a locally convex space L(X) and a continuous map i : X → L(X) such that every continuous map f from X to a locally convex space E gives rise to a unique continuous linear operatorf : L(X) → E with f =f • i. The free locally convex space L(X) always exists and is essentially unique.
Corollary 2.12. Let X be a Tychonoff space. Then L(X) is a κ-Fréchet-Urysohn space if and only if X is finite.
Proof.
It is well known that L(D) over a countably infinite discrete space D is topologically isomorphic to ϕ. By Theorem 1.2 of [10] , L(X) is an Ascoli space if and only if X is a countable discrete space. This fact, Theorem 2.5 and Proposition 2.9 immediately imply the assertion.
Proof of Theorem 1.3
We start from several lemmas in which we construct special functions from B 1 (X, G). For every g ∈ G, define g : X → G by g(x) = g for every x ∈ X. Lemma 3.1. Let G be a nontrivial abelian (Hausdorff ) topological group and let X be a GTychonoff space. If a 1 , . . . , a l ∈ X are distinct points, U 1 , . . . , U l are pairwise disjoint open neighborhoods of a 1 , . . . , a l , respectively, and g 0 , g 1 , . . . , g l ∈ G, then there is a continuous function
Proof. Since X is G-Tychonoff, for every i = 1, . . . , l, there is a continuous function
Corollary 3.2. Let G be a nontrivial abelian group and let X = {x n } n∈N be a countable GTychonoff first countable space. Then
Proof. Fix f ∈ G X . For every n ∈ N, by Lemma 3.1, there is a continuous function f n :
Let G be a nontrivial abelian topological group with zero 0 and let X be a G-Tychonoff space. Recall that the sets of the form
where F is a finite subset of X and V is an open neighborhood of 0, form a base of the pointwise topology on G X at zero function 0. For a function f : X → G and a subset A ⊆ G, the set supp(f ) := f −1 (G \ {0}) is called the support of f and define
Also we set σ(f, g) := σ(f, {g}).
Lemma 3.3. Let G be an absolutely convex subset of a locally convex space E, and let X be a Tychonoff first countable space. Then:
(ii) Let {U n } n<N , 1 < N ≤ ∞, be a disjoint family of open subsets of X and let x n ∈ U n for every n < N . Then, for every g 1 , g 2 , . . . , g N ∈ G, the function of a 1 , . . . , a l , respectively, and g 0 , g 1 , . . . , g l ∈ G, then there is a continuous function f :
Indeed, for every k = 1, . . . , l, by the proof of (i), there is a continuous function
Case 1. Assume that N is finite. For every n ∈ N, by Claim 1, choose a continuous function
Case 2. Assume that N = ∞. For every n ∈ N, by Claim 1, choose a continuous function f n : X → G such that f n (X \ n k=1 U n,k ) = {g ∞ } and f n (x k ) = g k for every k = 1, . . . , n. It is easy to see that f n → f in the pointwise topology. Thus f ∈ B 1 (X, G).
Finally, the inclusion σ g, G ⊆ B 1 (X, G) follows from the trivial fact that for every finite subset {x 1 , . . . , x n } of X there is a disjoint family {U 1 , . . . , U n } of open sets of X such that x i ∈ U i for every i = 1, . . . , n.
Using Lemma 3.1 instead of Claim 1 in the proof of (ii) of Lemma 3.3 one can prove the following result.
Lemma 3. 4 . Let G be a nontrivial abelian topological group and let X be an infinite G-Tychonoff first countable space. Let {U n } n<N , 1 < N ≤ ∞, be a disjoint family of open subsets of X and let x n ∈ U n for every n < N . Then, for every g 1 , g 2 , . . . , g N ∈ G, the function
Let E be a locally convex space (lcs for short) and let X be a first countable Tychonoff space (so X is E-Tychonoff, see Lemma 3.3). A function f : X → E is called bounded if the image Im(f ) of f is a bounded subset of E. If S is a nontrivial absolutely convex subset of E, let B b α (X, S) be the family of all bounded functions from B α (X, S).
Theorem 3. 5 . Let G be a nontrivial abelian metrizable group and let X be a G-Tychonoff first countable space. Assume that a subgroup H of G X satisfies one of the following conditions: (a) H contains B 1 (X, G) ; Recall that a Tychonoff space X
• is a σ-space if X has a σ-locally finite network (see [16] for details);
• is a k-space if for each non-closed subset A ⊂ X there is a compact subset K ⊂ X such that K ∩ A is not closed in K; • has countable tightness if whenever A ⊆ X and x ∈ A, then x ∈ B for some countable B ⊆ A;
• has countable cs * -character if X has a countable cs * -network at each point x ∈ X (i.e., there is a countable family N x of subsets of X such that for each sequence (x n ) n∈N in X converging to x and for each neighborhood O x of x there is a set N ∈ N x such that x ∈ N ⊆ O x and the set {n ∈ N : x n ∈ N } is infinite);
It is well known that every compact subset of a σ-space is metrizable, see [16] . Topological groups with countable cs * -character are studied in [5] . In [12] we proved that a Baire topological vector space E is metrizable if and only if E has countable cs * -character, and the same metrizability condition holds also for b-Baire-like locally convex spaces.
Theorem 3. 6 . Let G be a nontrivial abelian metrizable group, X be a G-Tychonoff first countable space and let H be a subspace of G X containing σ(0, g) ∪ {g} for some nonzero g ∈ G. Then the following assertions are equivalent:
(i) X is countable; (ii) H is a metrizable space; (iii) H has countable tightness; (iv) H is a σ-space; (v) H has countable cs * -character.
In particular, (i)-(v) are equivalent if H satisfies one of the following conditions:
where S is a nontrivial absolutely convex subset of G.
Proof. (i)⇒(ii) follows from the fact that H is a subspace of the metrizable group G X , and the implications (ii)⇒(iii)-(v) are clear.
(iii)⇒(i): Suppose for a contradiction that X is uncountable. Fix an open neighborhood V of 0 ∈ G such that 0 ∈ g + V . Set A := σ(0, g) ⊆ H. It is easy to see that g ∈ A \ A, where the closure is taken in H. Let B be a countable subset of A. Set D := {supp(h) : h ∈ B}. Then D is a countable subset of X. As X is uncountable there is z ∈ X \ D. Set W := {z}; V . Then h(z) = 0 ∈ g + V for every h ∈ B, and hence (g + W ) ∩ B = ∅. So g ∈ B. Thus the tightness of H is uncountable, a contradiction.
(iv)⇒(i): Suppose for a contradiction that X is uncountable. Since every compact subset of a σ-space is metrizable ( [16, Corollary 4.7] ), it is sufficient to find a compact subset K of H which is not metrizable. For every x ∈ X, define a function δ x,g : X → G by δ x,g (x) = g, and δ x,g (y) = 0 if y = x.
It is clear that δ x,g ∈ σ(0, g). Set K := {0} ∪ {δ x,g : x ∈ X} ⊆ H. Then any neighborhood of 0 contains all but finitely many of δ x,g s. Therefore K is a compact subset of H. However, K does not have countable base at 0 because X is uncountable. This contradiction shows that X must be countable. It is easy to see that K is topologically isomorphic to the one point compactification of a discrete space of cardinality |X|.
(v)⇒(i): Suppose for a contradiction that X is uncountable. Consider the compact subset K of H defined in the previous paragraph. Then also K has countable cs * -character as a subspace of H. However, by Proposition 9 of [5] , the cs * -character of K is uncountable. This contradiction shows that X is countable.
In the cases (a)-(b), by Lemmas 3.3 and 3.4, there is a nonzero g ∈ G or g ∈ S such that σ(0, g) ∪ {g} ⊆ H, and the last assertion follows.
A sequence {g n } n∈N in an abelian topological group G is called uniformly discrete if there is an open symmetric neighborhood W of 0 ∈ G such that ( †) 0 ∈ g k + (4)W for every k ∈ N, and ( ‡) g k − g n ∈ (4)W for all distinct k, n ∈ N. (i) any non-precompact abelian group G contains a uniformly discrete sequence, and (ii) if G is an infinite-dimensional normed space, then the closed unit ball S of G contains a uniformly discrete sequence (otherwise, S would be precompact and hence G would be finitedimensional).
It is well known that for every uncountable cardinal κ, the space Z κ is neither a k-space nor a normal space. In the next two theorems we essentially generalize this result.
Theorem 3.8. Let G be an abelian metrizable group with zero 0 containing a uniformly discrete sequence {g n } n∈N , X be a G-Tychonoff first countable space and let H be a subspace of G X containing {0} ∪ n∈N σ(g n , 0). Then H is a k-space if and only if X is countable.
Proof. If X is countable, then H being a subspace of the metrizable group G X is metrizable, and hence H is a k-space. Assume that H is a k-space and suppose for a contradiction that X is uncountable.
Denote by A the set of all functions f : X → G for which there is an n ∈ N such that X \ supp(f ) ≤ n and f (x) = g n for every x ∈ supp(f ) (so f ∈ σ(g n , 0)). By assumption, A ⊆ H. Clearly, 0 ∈ A \ A, where the closure is taken in H. Therefore, to prove that H is not a k-space it is sufficient to show that the set A ∩ K is closed in K for every compact subset K of H. Set B := A ∩ K. We have to show that B = B. Fix an arbitrary f ∈ B, so f ∈ K. Claim 1. f (X) ⊆ {0, g 1 , g 2 , . . . }. Indeed, fix an arbitrary x ∈ X. Then ( †)-( ‡), the compactness of K and the definition of A imply that there is k(x) ∈ N such that h(x) ∈ {0, g 1 , . . . , g k(x) } for every h ∈ A ∩ K. Therefore, also f (x) ∈ {0, g 1 , . . . , g k(x) }.
Claim 2. σ(0) ∩ B = ∅. Indeed, fix an arbitrary t ∈ σ(0). Since X is uncountable, there are s ∈ N and an uncountable subset Y of X such that k(x) = s for every x ∈ Y (see Claim 1) and Y ∩ supp(t) = ∅. Let C be a subset of Y such that |C| > 2s (so C ∩ supp(t) = ∅). Then, by ( †)-( ‡) and the definition of A, every h ∈ (t + [C; W ]) ∩ A must satisfy h(x) = 0 for every x ∈ C. Now, the definition of A implies that h(x) = g k for some k ≥ |C| > 2s and each x ∈ supp(h). As Y ∩ supp(h) = ∅, we obtain that h(y) = g k ∈ {0, g 1 , . . . , g s } for every y ∈ Y ∩ supp(h). Therefore h ∈ A ∩ K and (t + [C; W ]) ∩ (A ∩ K) = ∅. Thus t ∈ B and the claim is proved. Claim 3. There is an m ∈ N such that f (x) = g m for every x ∈ supp(f ). Indeed, suppose for a contradiction that there are y, z ∈ supp(f ) such that f (y) = f (z). Since every h ∈ A takes only one nonzero value, Claim 1 and ( ‡) imply f + {y, z}; W ∩ A = ∅. Thus f ∈ A, a contradiction.
Claim 4. If C := {x : f (x) = 0}, then |C| ≤ m. Indeed, suppose for a contradiction that |C| > m. Choose a finite subset C 0 of C such that |C 0 | > m. Claim 2 implies that the support of f is infinite. Therefore we can choose x ∈ supp(f ) ⊆ X \ C 0 (so f (x) = g m by Claim 3) and define V := {x} ∪ C 0 ; W . Then (f + V ) ∩ H is a neighborhood of f such that, by the definition of A and ( †)-( ‡), the intersection (f + V ) ∩ A is empty. Thus f ∈ A, a contradiction.
Finally, Claims 3 and 4 imply that f ∈ A, and hence f ∈ B. Thus B = B.
Corollary 3.9. Let S be an absolutely convex subset of a metrizable lcs E containing a uniformly discrete sequence {g n } n∈N , X be a Tychonoff first countable space and let H be a subspace of E X containing B b 1 (X, S). Then H is a k-space if and only if X is countable.
Proof. By Lemma 3.3, {0} ∪ n∈N σ(g n , 0) ⊆ B b 1 (X, S) ⊆ H, and Theorem 3.8 applies.
For example, Corollary 3.9 holds if S is the closed unit ball of an infinite-dimensional normed space E, see Remark 3.7.
Theorem 3. 10 . Let G be an abelian metrizable group containing a uniformly discrete sequence {g n } n∈N . Set T := {0} ∪ {g n } n∈N . Assume that X is a G-Tychonoff first countable space and let H be a subspace of G X containing pointwise limits of sequences from σ(g 1 , T ) ∪ σ(0, T ). Then H is a normal space if and only if X is countable.
Proof. If X is countable, then H being a subgroup of the metrizable group G X is metrizable, and hence H is a normal space. Assume that H is a normal space and suppose for a contradiction that X is uncountable. Denote by D the family of all functions f ∈ G X such that (9) f supp(f − g 1 ) ⊆ {g 0 , g 2 , g 3 , . . . }; (10) if f = g 1 , then |{x ∈ supp(f ) : f (x) = g n }| ≤ 1 for every n ∈ {0, 2, 3, . . . }.
We omit the proof of Claim 2 because it is similar to the proof of Claim 1. Claim 3. A ∩ B = ∅. Indeed, fix f ∈ A. It follows from (4) and (5) that supp(f ) is countable. Since X is uncountable, (9) and (10) imply that f ∈ B. Thus A ∩ B = ∅, and the claim is proved.
As H is normal, there are disjoint open sets U , V ⊆ H such that A ⊆ U and B ⊆ V. Now we define inductively a sequence {f n : n ∈ N} ⊆ A as follows. Set f 1 := 0. Choose a finite subset F 1 ⊆ X and a neighborhood W 1 ⊆ W of 0 ∈ G such that (f 1 + [F 1 ; W 1 ]) ∩ H ⊆ U . Assume that we found functions f 1 , . . . , f n ∈ A, finite sets Clearly, the sequence {h n } converges in G X to the function h(x) := g k , if x = x k for some k ∈ N,
Therefore, by assumption, h ∈ H and hence h ∈ B.
Choose a finite subset R of X and an open neighborhood W 0 of zero in G such that (h + [R; W 0 ]) ∩ H ⊆ V. Since R is finite, there is an n ∈ N such that {x k } k∈N ∩ R = F n ∩ R. Now we define a function t : X → G by t(x) :=      g k , if x = x k for some 1 ≤ k ≤ m(n), 0, if x ∈ F n+1 \ F n = {x m(n)+1 , . . . , x m(n+1) },
Therefore t ∈ σ(g 1 , T ) ⊆ H. By construction, t(x) = h(x) for every x ∈ R, and hence
On the other hand, t(x) = f n+1 (x) for every x ∈ F n+1 , and hence
Therefore t ∈ U ∩ V = ∅, a contradiction. Thus X must be countable.
